HOMOLOGICAL INTERPRETATION OF EXTENSIONS AND 
BIEXTENSIONS OF COMPLEXES 



CRISTIANA BERTOLIN 



Abstract. Let T be a topos. Let Ki = [Aj -4 Bi\ (for i = 1,2,3) be a 
complex of commutative groups of T with Ai in degree 1 and Bi in degree 0. 
We define the geometrical notions of extension of K\ by Kz and of biextension 
of (Ki , K2 ) by Kz ■ These two notions generalize to complexes with two entries 
the classical notions of extension and biextension of commutative groups of T. 
We then apply the geometrical-homological principle of Grothendieck in order 
to compute the homological interpretation of extensions and biextensions of 
complexes. 
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Introduction 

Let T be a topos (see }D73| Expose IV) . Denote by C the category of commutative 
groups of T, i.e. the category of Z-modules of T. If I is an object of T, we denote 
by Z[J] the free Z-module generated by /. Let T){C) the derived category of the 
abelian category C. 

The geometrical-homological principle of Grothendieck asserts: 
if an object A of C admits an explicit representation in T>(C) by a complex L. whose 
components are direct sums of objects of the kind Z[J], with I object of T, then the 
groups Ext 1 (A, B) admit an explicit geometrical description for any object B of C. 

A first example of this principle of Grothendieck is furnished by the geometrical 
notion of extension of objects of C: in fact, if P and G are two objects of C, 
it is a classical result that the group Ext (P, G) is isomorphic to the group of 
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automorphisms of any extension of P by G and the group Ext (P, G) is isomorphic 
to the group of isomorphism classes of extensions of P by G. 

In [G] Expose VII Corollary 3.6.5 Grothendieck furnishes another example of this 
principle using the geometrical notion of biextension of objects C: if P, Q and G 
are three objects of C, he proves that the group Biext°(P, Q\ G) of automorphisms 
of any biextension of (P,Q) by G and the group Biext 1 (P, Q; G) of isomorphism 
classes of biextensions of (P, Q) by G, have the following homological interpretation: 

(0.1) Biext 4 (P,Q;G) ^ Ext 4 (P®Q,G) (i = 0, 1) 

L 

where P®Q is the derived functor of the functor Q — ► P®Q in the derived category 
2>(C). 

Let if, = [(Ki)i — * (-Ki)o] (for i = 1,2,3) be a chain complex of objects of C 
concentrated in degrees 1 and 0. In this paper we introduce the geometrical notions 
of extension of ifi by if 3 and of biextension of (ifi, K2) by if 3. These two notions 
generalize to complexes concentrated in degrees 1 and the classical notions of ex- 
tension and biextension of objects of C. We then apply the geometrical-homological 
principle of Grothendieck in order to compute the homological interpretation of 
these geometrical notions of extensions and biextensions of complexes. 
Our main result is: 

Theorem 0.1. Let Ki (for i = 1,2,3,) be a chain complex of commutative groups 
of T concentrated in degrees 1 and 0. 

L 

(1) If Ext 1 ((K \iSiK 2) o,(K 3)1) = for i = and 1, we have the following 
canonical isomorphism 

Biext (K 1 ,K 2 ; K 3 ) s Ext°(Ki»K 2 , K 3 ). 

L 

(2) Assume Ext 4 ((ifi®if2j0) (-^3)1) = for i = 0, 1 and 2. Moreover assume 
that the kernel of the map 

dr 11 : Ext 1 (( J R" 1 ®A- 2 )o, (A" 3 )o)0E X t 1 ((ifi®A'2)i, (if 3)1) -» Ext^^!®^)!, (A" 3 )o)eE X t 1 ((ifi®if 2 ) 2 , (isT 3 )i) 
is trivial. Then we have the following canonical isomorphism 

Biext 1 {KuK^Ks) = Ext 1 ^®^, K 3 ) 

If A'i = [0 — > (ifj)o] (f° r * = 1) 2, 3), this theorem coincides with the homological 
interpretation (|0.1[) of biextensions of objects of C. The hypothesis of this Theorem 
are needed in order to prove the surjectivity underlying both isomorphisms. They 
appear in Lemma 13. II 

The homological interpretation of extensions of complexes concentrated in de- 
grees 1 and is a special case ofTheorem l0.il in fact, it is furnished by the statement 
of this Theorem with if 2 = [0 — > Z], since the category Biext (Ki, [0 —y Jj]\K 3 ) of 
biextensions of (K\, [0 — ► Z]) by if 3 is equivalent to the category Ext (if 1, if 3) of 
extensions of if 1 by if 3 : 

Biext(ifi, [0 A Z]; if 3 ) = Ext(if 1( if 3 ), 
and since in the derived category T>(C) we have that 

Erf(ifi<g>[0 A Z],if 3 ) ^ Ext 1 (if 1, if 3) (* = 0,1). 
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Using a more technical language, we can rewrite Theorem lO.il as followed: the 
strictly commutative Picard stack of biextensions of (K\,Kz) by K 3 is equivalent 
to the strictly commutative Picard stack associated to the object 

r< MHom(if 1 ®^ 2 ,^ 3 [l]) 

of V{C) by the dictionary of [D73] Expose XVIII Proposition 1.4.15. 

Theorem 10.11 is the first example in the literature where the geometrical- homo- 
logical principle of Grothendieck is applied to complexes. Examples where this 
geometrical-homological principle is applied to objects are described in [Brj : ac- 
cording to loc.cit. Proposition 8.4, the strictly commutative Picard stack of sym- 
metric biextensions of (P, P) by G is equivalent to the strictly commutative Picard 
stack associated to the object r< IRHom(LSym 2 (P), G[l]) of £>(C), and according to 
loc.cit. Theorem 8.9, the strictly commutative Picard stack of the 3-tuple (£, E, a) 
(resp. the 4-tuple (L,E, a,/?)) defining a cubic structure (resp. a S-structure) on 
the G-torsor L is equivalent to the strictly commutative Picard stack associated to 
the object T< RHorn(LP+(P),G[l]) (resp. r< RHom(Lr 2 (P), G[l])) of V{C). 

Applications of Theorem 10.11 are given by the isomorphism 

(0.2) BvshA\K u K 2 ;K 3 ) = VhA\Ki®K 2 ,K 3 ) = Hom„ (c) (iS' 1 k2, K 3 [l]) 

which make explicit the link between biextensions and bilinear morphisms. A clas- 
sical example of this link is given by the Poincare biextension of an abelian variety 
which defines the Weil pairing on the Tate modules. In the context of 1-motives, 
the isomorphism (|0.2p is used in order to show that isomorphism classes of biexten- 
sions of 1-motives are bilinear morphisms in the category of mixed Hodge structures 
(see |D74j §10.2) and in Voevodsky's triangulated category of effective geometrical 
motives (see |BMj ). 

The idea of the proof of Theorem 10.11 is the following one: Let K = [A A B] 
be a complex of commutative groups of T concentrated in degrees 1 and and 
let L.. be a bicomplex of commutative groups of T which satisfies = for 
(ij) ^ (00), (01), (02), (11), (10), (20). To the complex K and to the bicomplex L.. 
we associate an additive cofibred category 4 , Tot(L..)(^) which has the following 
homological description: 

(0.3) ^ ot(L )( X)^Ext ! (Tot(L..),X) (i = 0, 1) 

where ^ / xot(L )(^0 ^ s the g rou P of automorphisms of any object of ^Tot(L..)(K) 
and ^Tot(L )(^0 ^ s t ne group of isomorphism classes of objects of ^Tot(L..)(K). 
Then, to any complex of the kind K — [A A B] we associate a canonical flat 
partial resolution ~L..(K) whose components are direct sums of objects of the kind 
Z[J] with / a commutative group of T. Here "partial resolution" means that we 
have an isomorphism between the homology groups of K and of this partial reso- 
lution only in degree 1 and 0. This is enough for our goal since only the groups 
Ext 1 and Ext are involved in the statement of the main Theorem 10.11 Consider 
now three chain complexes Ki (for i — 1,2,3) concentrated in degrees 1 and 0. 
The categories *Tot(L..(ATi)) ( K 3) and *Tot(L..(Ki)igiL,.(*r2))(^3) admit the following 
geometrical description: 



(0.4) 



^Tot(L..( Kl )){K 3 ) = Ext(Ki,K 3 ) 
*T t(L..(K 1 )®L..(K- 2 ))( ir 3) = Biext(Ki,K 2 ;K 3 ) 
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Putting together this geometrical description ()0.4|) with the homological descrip- 
tion (|0.3|) . we get 

• the proof of the Theorem 10. l\ 

• the proof that the group of automorphisms of any extension of K\ by K3 
is the group Ext°(Ki, K3) and that the group of isomorphism classes of 
extensions of K\ by K3 is the group Ext 1 (ifi, K3). 



Notation 

In this paper, T is a topos and C is the category of commutative groups of T, i.e. 
the category of Z-modules of T. Recall that we can identify commutative groups 
of T with abelian sheaves over T. If I is an object of T, we denote by Z[I] the free 
Z- module generated by / (see t D73 Expose IV 11). 

All complexes of objects of C that we consider in this paper are chain complexes. 
The truncation <7>„L. of a complex L. is the following complex: (cr>„L.)i = for 
i > n and (<7> n L.)i = for i < n. 

If L.. is a bicomplex of objects of C, we denote by Tot(L..) the total complex of 
L..: it is the chain complex whose component of degree n is Tot(L..)„ = J2i+j=n ^ij ■ 

Let V{C) be the derived category of the abelian categ oryC. Denote by (C) 
the subcategory of V{C) of complexes K = [A A B] concentrated in degrees 1 and 
0. 



1. Extensions and biextensions of complexes 

Let G be an object of C. A G-torsor is an object of T endowed with an action 
of G, which is locally isomorphic to G acting on itself by translation. 

Let P, G be objects of C. An extension of P by G is an exact sequence in T 

— >G — > E — ► P — ► 0. 

By definition the object E is a group. Since in this paper we consider only commu- 
tative extensions, E is in fact an object of C. We denote by Ext(P, G) the category 
of extensions of P by G. It is a classical result that the category Ext(P, *) of 
extensions of P by variable objects of C is an additive cofibred category over C 

Ext(P, *) — > C 
Ext(P, G) ^ G 

Moreover, the Baer sum of extensions defines a group law for the objects of the 
category Ext(P, G), which is therefore a strictly commutative Picard category. 

Let P, G be objects of C. Denote by m : P x P — > P the group law of P and 
by pri :PxF^P with £ = 1,2 the two projections of P x P in P. According 
to [G] Expose VII 1.1.6 and 1.2, the category of extensions of P by G is equiva- 
lent to the category of 4-tuples (P,G,E,(p), where E is a Gp-torsor over P, and 
ip : pr\E pr^E — > m*E is an isomorphism of torsors over P x P satisfying some 
associativity and commutativity conditions (see [G] Expose VII diagrams (1.1.4.1) 
and (1.2.1)): 



Ext (P,G) S {(P,G,E,<p) 



E = Gp~ torsor over P and 



(1.1) ip : pr\E pr^E ~ m* E with ass. and comm. conditions J- . 
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It will be useful in what follows to look at the isomorphism of torsors ip as an 
associative and commutative group law on the fibres: 

~t~ ■ Ep Epf ► Ep^.p' 

where p, p' are points of P(S) with S any object of T. 

Let I be an object of T and let G be an object of C. Concerning extensions of 
free commutative groups, in [G] Expose VII 1.4 Grothendieck proves that there is 
an equivalence of categories between the category of extensions of by G and 
the category of Gj-torsors over /: 

(1.2) Ext(Z[I], G) Tors(I, Gj) 

Let P, Q and G be objects of C. A biextension of (P, Q) by G is a Gp x g-torsor 
B over PxQ, endowed with a structure of commutative extension of Qp by Gp and 
a structure of commutative extension of Pq by Gq, which are compatible one with 
another (for the definition of compatible extensions see [G] Expose VII Definition 
2.1). If mp,pi,p2 (resp. m,Q, (72) denote the three morphisms PxPxQ^PxQ 
(resp. PxQxQ^PxQ) deduced from the three morphisms P x P — > P 
(resp. Q x Q — > Q) group law, first and second projection, the equivalence of 
categories (|1.1[) furnishes the following equivalent definition: a biextension of (P, Q) 
by G is a Gp X Q-torsor B over PxQ endowed with two isomorphisms of torsors 

p : p\E p* 2 E — ► mpE ip : q\E q* 2 E ► m* Q E 

over PxPxQ and PxQxQ respectively, satisfying some associativity, commutativ- 
ity and compatible conditions (see [G] Expose VII diagrams (2. 0.5), (2. 0.6), (2. 0.8), 
(2.0.9), (2.1.1)). As for extensions, we will look at the isomorphisms of torsors 
p and ip as two associative and commutative group laws on the fibres which are 
compatible with one another: 

~t~l • Pp,q Pp' ,q * Ep^pf q + 2 • Pp,q Pp,q' * Ep,q-\-q' 

where p,p' (resp. q, q') are points of P(S) (resp. of Q(S)) with S any object of T. 

Let Ki = [Ai -4 Bi] (for i = 1, 2) be a complex of objects of C with Ai in degree 
1 and Bi in degree 0. 

Definition 1.1. An extension (E,f3,j) of K\ by K 2 consists of 

(1) an extension E of B\ by B 2 ; 

(2) a trivialization j3 of the extension u\E of A\ by B 2 obtained as pull-back 
of the extension E via u\ : A± — ► B\\ 

(3) a trivial extension T = (T, 7) of A\ by A 2 (i.e. an extension T of Ay 
by A 2 endowed with a trivialization 7) and an isomorphism of extensions 
: U2*T — > u*E between the push-down via U2 ■ A 2 — > B 2 of T and u\E. 
Through this isomorphism the trivialization U2 ° 7 of U2*T is compatible 
with the trivialization (3 of u\E. 

Condition (3) can be rewritten as 

(3') an homomorphism 7 : A\ — > ^2 such that M2 o 7 is compatible with j3. 
Note that to have a trivialization /3 : Ai —* u*E of M^i? is the same thing as to 
have a lifting j3 : A\ — > E of u± : — »• By. In fact, if we denote p : E — > Si 
the canonical surjection of the extension a morphism /3 : Ai — > E such that 
p o (3 = m induces a splitting : A\ — > that composes with u\E E ^> B\ 
to ui : A\ —> By, and vice versa. 
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Let Ki = [Ai ^ Bi) and K[ = [A[ -4 (for i = 1, 2) be complexes of objects 
of C concentrated in degrees 1 and 0. Let (_E, /?, 7) be an extension of if 1 by if 2 
and let (E' , (3' ,7') be an extension of if( by if 2 . 

Definition 1.2. A morphism of extensions 

(£, X, $):(£,/?, 7) ^(£',/3', 7') 

consists of 

(1) a morphism F = (F, /1, : E ^> E' from the extension to the extension 
E'. In particular, F : E — > is a morphism of the sheaves underlying E 
and i?', and 

fi ■ Bi — > B[ f 2 : B 2 — ► B' 2 

are homomorphisms of commutative groups of T; 

(2) a morphism of extensions T = (T, 51, f 2 ) : u\E — > u[* E' compatible with 
the morphism F_ = (F,f\,f 2 ) and with the trivializations j3 and /?'. In 
particular, T : u\E — ► u' x * E' is a morphism of the sheaves underlying u\E 
and u[*E', and 

5 1 : Ai — > A[ 

is an homomorphism of commutative groups of T; 

(3) a morphism of extensions $ = ($,51,52) : T — ► T" compatible with the 
morphism T = (T,5i,/ 2 ) and with the trivializations 7 and 7'. In par- 
ticular, $ : T — > T' is a morphism of the sheaves underlying T and T', 
and 

52 : A 2 — > A' 2 

is an homomorphism of commutative groups of T. 

Condition (3) can be rewritten as 

(3') an homomorphism 52 : A 2 — > A 2 of commutative groups of T compatible 
with u 2 and u' 2 (i.e. u 2 o g 2 = f 2 o u 2 ) and such that 

7' .91 = 92 ° 7. 

Explicitly, the compatibility of T with F, (3 and j3' means that the following diagram 
is commutative: 



Ax 


u\E - 


-> £ 


91 1 


TJ. 


If 


A 


<£' - 


-> E' . 



The compatibility of $ with T, 7 and 7' means that the following diagram is 
commutative: 

Ai —U T — > u 2 *T S uf£ 

giJ. *1 |t 

X T' — > w 2 „T' I 

We denote by Ext (if 1, if 2) the category of extensions of K\ by if 2. If the com- 
plex if 1 is fixed, the category Ext (if 1 , *) of extensions of if 1 by variable complexes 
if 2 is an additive cofibred category over 2?[ 1,0 1(C) 

Ext(ifi,*) — » V™(C) 
Ext (if 1, if 2 ) 1 * if 2 
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This is an easy consequence of the analogous properties of the category of extensions 
of objects of C. Moreover the Baer sum of extensions defines a group law for the 
objects of the category Ext(ifi, K 2 ), which is therefore a strictly commutative 
Picard category. The zero object (£ , ,/?o,7o) 01 Ext (if i, K 2 ) with respect to this 
group law consists of 

• the trivial extension E = Bi x B 2 of Bi by B 2 , i.e. the zero object of 
Ext(B 1 ,B 2 ), and 

• the trivialization f3o = (id^^O) of the extension u\Eq = A\ x B 2 of A\ by 
B 2 . We can consider /3q as the lifting (ui, 0) : A\ — > £?i x B 2 of Ui : Ai — > 
Bi. 

• the trivial extension T of Ai by A 2 (i.e. T = (To, 70) with T = Ai x A 2 
and 70 = («dAi,0)) and the isomorphism of extension 0$ — (id^ , iejg 2 ) '■ 
u 2 *T Q — » u*S . 

The group of automorphisms of any object (i?,/3, 7) of Ext(ifi, K 2 ) is canoni- 
cally isomorphic to the group of automorphisms Aut(_Eoi /?o, 70) of the zero ob- 
ject (E ,p ,j ) of Ext (if 1, K 2 ): to an automorphism (F, T,$) of (£'o,/3o>7o) 
the canonical isomorphism associates the automorphism (T, T, $) + idrE,/3,-y) of 
(J5o, /?o, 7o) + (S, & 7) — (S, /?! 7)- Explicitly, Aut(£'o, /?0j 7o) consists of the couple 
(/o,/i) where 

• fo : Bi —> B 2 is an automorphism of the trivial extension Eq (i.e. /o G 
Aut(S ) = Ext (Bi,^)), and 

• /1 : A\ —* A 2 is an automorphism of the trivial extension To (i- e - fi G 
Aut(To) = Ext (Ai,A 2 )) such that, via the isomorphism of extensions 
Go : i«2 *T) — > u*i?0) the push-down u 2 *fi of the automorphism /1 of 
To is compatible with the pull-back u*/o of the automorphism fo of -Bo, i-e. 

U2° fl = fo ° U X . 

We have therefore the canonical isomorphism 

Aut(S , fa) = B.om. K(e) (Ki,K 3 ) 

where IC(C) is the category of cochain complexes of objects of C. The group law of 
the category Ext (if 1, K 2 ) induces a group law on the set of isomorphism classes of 
objects of Ext(ifi, K 2 ), which is canonically isomorphic to the group 
as we will prove in Corollary 14.31 

Let Ki = [Ai ^4 Bi] (for i — 1,2,3) be a complex of objects of C with At in 
degree 1 and Bi in degree 0. 

Definition 1.3. A biextension (B, $i, ^> 2 , A) of (ifi, K 2 ) by if 3 consists of 

(1) a biextension B of {B\, B 2 ) by B3; 

(2) a trivialization 

fi:4ixB 2 — ► ( Ul ,id B2 )*B 

of the biextension (ui,id,B a )*B of (Ai,^) by B3 obtained as pull-back of 
B via (u±,idB 2 ) ■ A\ x B 2 — > £>i x _B 2 , and a trivialization 

* 2 : Si x A 2 — » (id fll ,u 2 )*B 

of the biextension (idB 1 ,u 2 )*B of (Bi,A 2 ) by -B3 obtained as pull-back of 
B via (idflj ,u 2 ) : B\ x A 2 — > Si x £> 2 . These two trivializations \&i and ^2 
have to coincide over Ai x A2; 
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(3) a trivial biextension 71 = (7i,Ai) of [A\,B 2 ) by A3, an isomorphism of 
biextensions 

61 : u 3 *Ti — > (ui 1 id B2 )*B 

between the push-down via 1*3:^3^ B 3 of T\ and (ui,ids 2 )*B, a trivial 
biextension T 2 = (T 2 , A 2 ) of (Bi, A 2 ) by A 3 and an isomorphism of biex- 
tensions 

2 : u 3 *T 2 — > (id Bl ,u 2 )*B 

between the push-down via u 3 : A 3 — > B 3 of T 2 and (ie^ , u 2 )*B. Through 
the isomorphism 0i the trivialization u 3 o Ai of u 3 *Ti is compatible with 
the trivialization 'J'i of (u\,idB 2 )*B, and through the isomorphism <d 2 the 
trivialization u 3 o A 2 of u 3 *T 2 is compatible with the trivialization 1 i> 2 of 
(idB 17 u 2 )*B. The two trivializations Ai and A 2 have to coincide over A\ x 
A 2 , i.e. (zd^j , u 2 )*Ti — (ui,idA 2 )*T 2 (we will denote this biextension by 
T = (T, A) with A the restriction of the trivializations Ai and A2 over 
A\ x A 2 ). Moreover, we require an isomorphism of biextensions 

9 : u 3 .T— > (ui )U2 )*B 

which is compatible with the isomorphisms 9i and 62 and through which 
the trivialization u 3 o A of u 3st T is compatible with the restriction of the 
trivializations ^1 and ^ 2 over Ai x A 2 . 

Condition (3) can be rewritten as 

(3') an homomorphism A : A\®A 2 — ► A3 such that U30A is compatible with ^. 

Let Ki = [Ai -4 Bj\ and K[ = [A[ — \ B^} (for i = 1,2, 3) be complexes of objects 
of C concentrated in degrees 1 and 0. Let (B, \I/ 2 , A) be a biextension of (K\, K 2 ) 
by K 3 and let (£>', *' 2 , A') be a biextension of {K[,K' 2 ) by 

Definition 1.4. A morphism of biextensions 

(Z,X 1 ,T 2) $) : (B,*i,* 2 ,A) — > (B',*i,^,A') 

consists of 

(1) a morphism £ - (F, fi, f 2 , / 3 ) : B - 
biextension B'. In particular, _F : B 
underlying B and B', and 

/1 : Bi — > B[ f 2 : B 2 — > B 2 f 3 : B 3 ► B' 3 

are homomorphisms of commutative groups of T. 

(2) a morphism of biextensions 

Xi - (Ti,ffi,/2,/ 3 ) : (u!,id B2 rB — K,^)*B' 

compatible with the morphism F — (F, fi, f 2 , f 3 ) and with the trivializa- 
tions ^1 and and a morphism of biextensions 

T 2 = (T 2 ,/i, 5 2,/ 3 ) : (id Bl ,u 2 )*B — > (i^,u 2 )*B' 

compatible with the morphism _F = (F, fi, f 2 , f 3 ) and with the trivial- 
izations \E' 2 and \I/ 2 . In particular, Ti : (ui,ids 2 )*B — > (v! x ,id B i^)*B' 
is a morphism of the sheaves underlying [u\,id B A*B and (u^, id B ^)*B', 



-> B' from the biextension B to the 
— > B' is a morphism of the sheaves 
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T2 : (idB 1 ,u 2 )*B — > (idB[,u' 2 )*B' is a morphism of the sheaves underlying 
(idB 1 ,U2)*B and (id B > 1 ,u' 2 )*B' , and 

51 : Ai — > .92 : A 2 — > A' 2 

are homomorphisms of commutative groups of T. By pull-back, the two 
morphisms T x = (Ti, g u f 2 , / 3 ) and T 2 = (T 2 , /1, g 2 , fa) define a morphism 
of biextensions 

X= {^,9i,92, h) ■ (u 1 ,u 2 )*B — ► (u' 1 ,u 2 )*B / 

compatible with the morphism F = (F, fi, f 2 , f 3 ) and with the trivializa- 
tions \& (restriction of \&i and ^> 2 over A\ x A 2 ) and '3/' (restriction of 
and $ 2 over Ai x A' 2 ). 
(3) a morphism of biextensions 

* 1 = (*i,$i,/2,S3):7i— >7? 

compatible with the morphism = (T,gi, f 2 , f 3 ) and with the trivializa- 
tions Ai and A' 1; and a morphism of biextensions 

§ 2 = {$ 2 ,h,g 2 ,g 3 ):T 2 ^T 2 ' 

compatible with the morphism Y 2 = (Y 2 , /1, 52, is) and with the trivializa- 
tions A2 and A 2 . In particular, $1 : T\ — > 7^ is a morphism of the sheaves 
underlying 71 and T{, <I> 2 : 72 — > 7^ is a morphism of the sheaves underlying 
72 and 7^, and 

53 : A 3 — > A' 3 

is an homomorphism of commutative groups of T. By pull-back, the two 
morphisms ^ = ($1, gi, f 2 , g 3 ) and $ 2 = ($ 2 , fi, 92, 33) define a morphism 
of biextensions 

$ = ($,31,52,53) :T^T' 

compatible with the morphism T = (Y,g\,g 2 , / 3 ) and with the trivializa- 
tions A (restriction of Ai and A 2 over A\ x A 2 ) and A' (restriction of X[ and 
A' 2 over Ai x A 2 ). 

Condition (3) can be rewritten as 

(3') an homomorphism g 3 : A 3 — > A' 3 of commutative groups of T compatible 
with u 3 and u' 3 (i.e. u 3 o g 3 = f 3 o w 3 ) and such that 

A' o (31 x g 2 ) = g 3 o A. 

Explicitly, the compatibility of T_ x with F_, \I>i and ^ means that the following 
diagram is commutative: 

A 1 xB 2 { Ul ,id B2 TB — » £ 

S1X/2J. Ta J.F 

A' lX B 2 (u' 1} id B /)*B' — > 

The compatibility of T 2 with /£, $ 2 and \P 2 means that the following diagram is 
commutative: 

B 1 xA 2 (id Bl ,u 2 )*B — ► £ 

/1X92I T 2 i J.F 
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The compatibility of T with F_, 'J and V?' means that the following diagram is 
commutative: 

Ai x A 2 — > (ui,tt 2 )*S — > S 

fllX fl3 J, ti J,F 

A[xA' 2 X K,u 2 )*S' — -+ £>'. 

The compatibility of with T 1; Ai and X[ means that the following diagram is 
commutative: 

A x xB 2 -^4 Ti — > U 3 *7i ^ (U!,^)*^ 
SIX / 3 J. *i| |Ti 

The compatibility of J> 2 with Y 2 , A2 and A 2 means that the following diagram is 
commutative: 

b 1 xa 2 r 2 — > u 3 *r 2 1? (id Bl ,u 2 )*B 



A 2 



e:, 



i?ixA 2 r 2 ' — > W3 ,r 2 ' - 

Finally, the compatibility of $ with T, A and A' means that the following diagram 
is commutative: 

AixA 2 T — ► u 3 *T 1 (iti,u 2 )*B 

9ixg 2 l <S>1 |T 

We denote by Biext(ifi, X 2 ; if 3 ) the category of biextensions of (K\,K 2 ) by K 3 . If 
the complexes i£i and K 2 are fixed, the category Biext(ifi, K 2 : *) of biextensions 
of (.Ki, X2) by variable complexes K 3 is an additive cofibred category over V^ 1 ' ^ (C) 

Biext^, K 2 ;K 3 ) ^ ff 3 

This is an easy consequence of the fact that the category of biextensions of objects 
of C is an additive cofibred category over C (see [G] Expose VII 2.4). The Baer sum 
of extensions defines a group law for the objects of the category Biext(i^i, K 2 ; K 3 ) 
which is therefore a strictly commutative Picard category (see [G] Expose VII 2.5). 
The zero object (Bo, ^01, ^02, Ao) of Biext(Xi, K 2 ; K 3 ) with respect to this group 
law consists of 

• the trivial biextension Bq = B\ x B 2 x B 3 of (B\, B 2 ) by B 3 , i.e. the zero 
object of Biext(Bi, B 2 ; B 3 ), and 

• the trivialization ^01 = (idA 1 ,id,B 2 ity (resp. ^02 — (id^, id^, 0)) of the 
biextension (ui,ids 2 )* B = A x x B 2 x B 3 of (Ai,B 2 ) by B 3 (resp. of the 
biextension (id Bl ,u 2 )*B = B\ x A 2 x B 3 of (Bi x A 2 ) by B 3 ), 

• the trivial biextension 71o of (A\,B 2 ) by A 3 (i.e. 7io = (^IojAio) with 
7io = A\ x _B 2 x ^4 3 and A10 = (idA 1 , ids 2 ; 0)), the isomorphism of biexten- 
sions 0io = (idA t ,idB 2 iidB 3 ) ■ u 3 *7io — » (ui, idB 2 )*Ba, the trivial biexten- 
sion T i of (Bi,A 2 ) by A 3 (i.e. T i = (T i,A i) with T 10 = Bi x A 2 X A 3 
and Aqi = (id Bl ,idA 2 ,0)) an d the isomorphism of biextensions Oqi = 
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(idB 1 ,idA 2 iid'B 3 ) ■ W3*7io — * {idB 1 , U2)*Bq. In particular the restriction 
of Aio and Aoi over A\ x Ai is Ao = {id,A 1 , idA 2 , 0) 

The group of automorphisms of any object of Biext(if 1; K 2 ; K 3 ) is canonically 
isomorphic to the group of automorphisms of the zero object (Bo, \I/oi , ^02 1 Ao), 
that we denote Biext°(-fsfi, K2] -^3)- Explicitly, Biext°(Ki, K2; K3) consists of the 
couple {fo, (Ao, /01)) where 

• fo '■ B\ ® B2 — > -B3 is an automorphism of the trivial biextension Bo (i.e. 
fo e Biext (B 1 ,B 2 ;B 3 )), and 

• fio : Ai <g) B 2 — » A3 is an automorphism of the trivial biextension Tio (i.e. 
fio £ Bicxt°(Ai, B2', A3)) and fo\ : B\ ® A 2 — > A3 is an automorphism 
of the trivial biextension 7oi (i.e. /01 S Biext°(i?i, A2; A3)) such that, 
via the isomorphisms of biextensions 0io : u 3 /T\o — > (iti, zde 2 )*£>o and 
0oi : U3*7oi — > (idsj , U2)*So, the push-down U3*/io of /10 is compatible 
with the pull-back {u\,idB 2 )* fo of /o, and the push-down it3*/oi of /01 
is compatible with the pull-back («ds 1 ,U2)*/o of fo, i.e. such that the 
following diagram commute 



A 1 ®B 2 +B 1 ®A 2 ' '*■ B X ®B 2 



/10+/01 

A 3 ^B 

J/.-) 



We have therefore the canonical isomorphism 

Aut(B ,*oi,*02,A ) = Boia K{c) (K 1 ®K2,K 3 ) 

where 1C(C) is the category of cochain complexes of objects of C. The group law 
of the category Biext(/i' 1 , K 2 ; K 3 ) induces a group law on the set of isomorphism 
classes of objects of Biext(ifi, K 2 ; K 3 ), that we denote by Biext 1 (fCi, K 2 ; K 3 ). 

Remark 1.5. According to the above geometrical definitions of extensions and biex- 
tensions of complexes, we have the following equivalence of categories 

Biext(X l5 [0 -» Z];K 3 ) = Ext(JTi, K 3 ). 

Moreover we have also the following isomorphisms 



Biext l (Xi, [Z ->0};K 3 



Hom(Bi,A3), * = 0; 
Hom^i,^), i=l. 



Note that we get the same results applying the homological interpretation of biex- 
tensions furnished by our main Theorem lO.il 
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2. THE ADDITIVE COFIBRED CATEGORY *Tot(L..) 

Consider the following bicomplex L.. of objects of C: 



L 2 „ 



(2.1) 



L.o(K) 





I 
L20 

I 





D10 





4 

Ln 

L10 

I 





-Doo 





I 

L02 
L01 

J. doo 

Loo 

I 





The total complex Tot(L..) is the complex 



JlO 



-00 







L02 + Ln + L20 — > L01 
where the differential operators H>i and D can be computed from the diagram (|2.1[) . 
In this section we define an additive cofibred category Vl/Tot(L..) over P' 1,0 '(C). 
Let Jf = [AAB] be an object of Dl 1 ' ]^). 



Definition 2.1. Denote by 



Tot(L. 



the category whose objects are 4-tuples (E, a, (3, 7) where 

(1) E is an extension of Loo by B; 

(2) (a, j3) is a trivialization of the extension H)qE of L01 + L10 by B obtained as 
pull-back of E via Do. Moreover we require that the corresponding trivial- 
ization 1D>*(q!, /3) of DJDq-E is the trivialization arising from the isomorphism 
of transitivity Hi*IS)qE = (D ° ®>i)*E and the relation B oDi = 0. Note 
that to have such a trivialization (a, (3) is the same thing as to have a lifting 
(5, (3) : L i + L10 — > E of Do : L i + L 10 — > L o such that (2, 0) o Di = 0. 

(3) a trivial extension T = (T, 7) of Liq by A and an isomorphism of extensions 



: u»T 



between the push-down via u : A — > i? of T and Dq E. Through this iso- 
morphism the trivialization W07 of it*T is compatible with the trivialization 
(3 of DqqE. Moreover we require an isomorphism of extensions 



which is compatible with G and through which the restriction of the triv- 
ialization 1107 over L20 is compatible with the restriction D\ Q (3 of the 
trivialization (3 over L2o- 

A morphism (F,id, /b, /a) : (F,a,(3,j) — ► (E',a',/3',Y) between two objects of 

^Tot(L..)(-?0 consists of 

(1) a morphism of extensions (F,idi, 00 , f) : E — > _E' inducing the identity on 
Loo- In particular, F : E ^ E' is a morphism of the sheaves underlying E 
and E 1 and 
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is an homomorphism of commutative groups of T. By pull-back the mor- 
phism (F, idj, 00 , /) defines a morphism of extensions 

{H,id Un+Ua ,f) :%E^%E' 

inducing the identity on Loi + Lio and compatible with the trivializations 
a, a' and /?, f3' respectively. In other words, Foa = a' and Fo(3 — (3' . Here 
H : B^E — > H)qE' is a morphism of the sheaves underlying BpF and OqF'. 
Again by pull-back the morphism (H, idh 01 +L 10 , /) defines a morphism of 
extensions 

(I,id L20 ,f) : D* 10 D* 00 E — > D* 1Q D* Q0 E' 

inducing the identity on L20 and compatible with the trivializations D\ (3 
and Dl P'. 

(2) a morphism of extensions (G, idh 10 , g) '■ T — > T" inducing the identity on 
Lio, compatible with the morphism (H, id-L 01 +L la , /), and such that G07 = 
7'. Here G : T — > T 1 is a morphism of the sheaves underlying T and T' and 

9 ■ A — > A. 

is an homomorphism of commutative groups of T. By pull-back, the mor- 
phism (G,id-L 10 , g) defines a morphism of extensions 

(J,id L20 ,g):D* 10 T^D* 1Q T' 

inducing the identity on L20, compatible with the morphism (I \idi, 20 , /) : 
D1 Dq Q E — ► DI q Dq E' and with the restriction of the trivializations 7 and 
7' over L 20 . 

Concerning the objects of the category ^Tot(L..)(-^); condition (3) can be rewrit- 
ten as 

(3') a homomorphism 7 : L 2 o — ► A such that the composite L 2 o A A B is 
compatible with the restriction D\ (3 of the trivialization /? over L 2 q. 
Concerning the morphisms of the category ^Tot(L..)(-^0) condition (2) can be rewrit- 
ten as 

(2') a homomorphism g : A — > A such that 307 = 7'. 
Remark that the conditions 1107 = D\ (3 and 1107' = D\ Q (3' imply that fou — uog 1 
i.e. the couple (g, /) defines a morphism of complexes K — > if. 
The composition of morphisms of ^Tot(L..)(-^) i s defined using the composition of 
morphisms of extensions and the composition of morphisms of complexes (<?, /) : 
[A ^B] [A ^B]. 
We have a functor 

n:*Tot(L..) — 2? [1 < 0] (C) 

*Tot(L..)W - # 

which is cofibring. In fact, let (/i,/o) : K = [A A B] -> K' = [A' ^ B'] be a 
morphism of T>^'°\C), and let (E,a,P,j) be an object of the fibre *Tot(L.. 
over K. Denote by (/o)*F the push-down of E via the homomorphism f :B^B' 
and by (F, id, /o) : F — > £" the corresponding morphism of extensions inducing the 
identity on L o- The object ((fo)*E, F o a, F o /?, /1 o 7) is clearly an object of the 
fibre *Tot(L.. ){K') over K' an d the morphism 

(F, id, Jo, /1) : (F, a, /?, 7) — ((./o)*F, F o a, F o /?, / x o 7) 
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is a cocartesian morphism for the functor II : ^Tot(L..) ~* T>^ 1,0 ^{C) (it is enough to 
use the analogous property of the morphism of extensions (F, id, /o) : E — » (fo)*E 
which is a classical result). Therefore the category V^TotfL..) is a cofibred category 
over D[ x '0](C). 

Finally, the cofibred category ^Tot(L..) is additive, i.e. it satisfies the two follow- 
ing conditions: 

(1) W Tot (L..)(0) is equivalent to the trivial category; 

(2) *Tot(L..)(^ x K') -> *Tot(L..)(^ ) x *Tot(L..)(^') is an equivalence of cate- 
gory for any object K,K' of pi 1 * ! (C). 

This is an consequence of the fact that the cofibred category Ext (Loo, *) of exten- 
sions of Loo by objects of C is additive. 

For any object K = [A —> B] of V^^(C), the Baer sum of extensions de- 
fines a group law for the objects of the category ^Tot(h..)(K). The zero object of 
^Tot(L..)(-fO w hh respect to this group law is the 4-tuple (T , ao, A), 7o) where 

• Eo = Loo x B is the trivial extension of Loo by B, i.e. the zero object of 
Ext (Loo, B), and 

• ao is the trivialization {idi^ 01 , 0) of the extension d^E^ — Loi x B of Loi 
by B\ Po is the trivialization (idL la ,0) of the extension Dq Q Eq — Lxo x B 
of Lio by B. We can consider ao (resp. /3o) as the lifting (<ioo,0) (resp. 
(D 00 , 0)) of d 00 : L i -> L 00 (resp. of T> 00 : Lio —> Loo), 

• the trivial extension To of Lio by A (i.e. To = (To, 70) with To = Lio x A and 
70 = (idLiojO)) an d the isomorphism Oo = (idi, 10 ,idB) ■ u*Tq — > Dq Q Eq. 

The group of automorphisms of any object of 4 , Tot(L..)(^) is canonically isomorphic 
to the group of automorphisms of the zero object of ^TotfL..) (K), that we denote 
by ^Tot(L )C^Q- Explicitly, ^xot(L )(-^) consists of the couple (/o,/i) where 

• /o : Loo — > B is an automorphism of the trivial extension To (i.e. /o G 
Aut(To) = Ext°(L 00 ,T)), and 

• fi : Lio —* A is an automorphism of the trivial extension To (i.e. /1 G 
Aut(T)) = Ext (Lio, -4)) such that, via the isomorphism of extensions Oo : 
u*To — * TqqTo, the push-down u*/i of /1 is compatible with the pull-back 
£>oo/o of /o, i.e. 

(2.2) u o /i = / o Z? 00 

The group law of the category ^T t(h..)(K) induces a group law on the set of 
isomorphism classes of objects of 5 , Tot(L..)(TT), that we denote by 'I'— ot(L )(-^0- 

3. HOMOLOGICAL DESCRIPTION OF *Tot(L..) 

In this section we show the homological description of the groups ^Tot(L )(^0 
and ^xot(L )C^Q- L*i order to do this we need a technical Lemma which generalizes 
[R] Proposition 2.3.1. For this Lemma we switch to cohomological notation (instead 
of using homological notation as in the rest of this paper) because in [Rj Raynaud 
uses cohomological notations. Denote by /C(C) the category of cochain complexes 
of objects of C. 

Lemma 3.1. Let T = [T~ 2 d ^ L^ 1 ^ T°] and K = [K^ 1 A K°] be two cochain 
complexes of objects ofC. 
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(1) If Ext 4 (X°, K- 1 ) = 0fori = and 1, then 

B.om K ( C) (L,K) = YLoTn V ( C) (L- ,K). 

(2) Assume Ext l (L°, K _1 ) = for i = 0, 1 and 2. Moreover assume that the 
kernel of the map 

d^ 11 lExt^.JOeExt^L-SJT- 1 ) ^Ext 1 (L- 1 ,X°)©Ext 1 (L- 2 ,X- 1 ) 
is trivial. Then there is a surjective map 

Rom K{c) (L-,K-[l\) — > Hbm D(c) (L-,A--[l]). 

Proof. (1) The stupid nitration of the complexes Z/ and X- furnishes the spectral 
sequence 

Ef= Ext 9 ^^ 2 ) =>Ext*(Z/,if')- 

P2-P1=P 

This spectral sequence is concentrated in the region of the plane defined by — 1 < 
p < 2 and q > 0. We are interested on the total degree 0. For the rows q = 1 and 
q = we have the diagrams 

Ext 1 (L°, if -1 ) -^Ext 1 (L°,A' )eE3rt 1 (L" 1 ,A~ 1 ) — ► Ext 1 (L _1 , /sr°)©Ext 1 (L -2 , if -1 ) — > Ext """(L -2 , if ) 

Hom(L ,_R' _1 ) -f Hom(L°,^°)eHom(L _1 ,A'~ 1 ) -4 Hom(L _1 , if°)®Hom(L~ 2 , K' 1 ) -» Hom(r 2 ,if 11 ) 

Since by hypothesis Hom(L°, if" 1 ) = Ext 1 (L°, if _1 ) = 0, we obtain 

Kom v{c) (L-,K-) = Ext°(i/,if) 

= E0° = ker«) = Hom K(c) (i-,^). 

(2) In order to prove (2) we use the same method as in (1): the stupid filtration of 
the complexes L- and Zf'[l] furnishes the spectral sequence 

Ef= Ext q (L p \(K[l}) P2 ) =^Ext*(Z/,/f'[l]). 

Pl-V\=V 

This spectral sequence is concentrated in the region of the plane defined by — 2 < 
p < 1 and q > 0. We are interested on the total degree 0. For the rows q = 2, q = 1 
and q = we have the diagrams 

Ext 2 (L°,if _1 ) -^Ext 2 (L o ,A- o )0Ext 2 (L" 1 ,«' _1 ) Ext 2 (IT 1 , if °)0Ext 2 (IT 2 , AT" 1 ) Ext 2 (iT 2 , if ) 

Ext 1 (L°, if _1 ) — > Ext 1 (L°, _R' )ffiExt 1 (I/ _1 , AT -1 ) ^ Ext 1 (IT 1 , iOffiExt 1 (IT 2 , if" 1 ) Ext 1 (IT 2 , if °) 

Hom(L ,_R' _1 ) -f Hom(L°, J ft' )eHom(L _1 ,A' _1 ) i-> Hom(L _1 , if )eHom(iT 2 , if -1 ) -±» Hom(IT 2 , A' ) 
By hypothesis Ext'(L°, if _1 ) = for i = 0, 1, 2 and ker(dj" n ) = and so we obtain 
Hom^o (£-,#■) = Ext°(i/,if) 

= E°° = kcr(4°)/im(d- 10 ). 
Since kcr^ ) = Hom/qc) (Z/, if ) we can conclude. □ 

Theorem 3.2. Lei if = [A A £>] fee a complex of objects of C concentrated in 
degrees 1 and 0. 
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(1) If Ext l (Tot(L..)o, A) = for i = and 1, we have the following canonical 
isomorphism 

*Sbt(L..)W - Ext°(Tot(L..),X) = Hom P(c) (Tot(L..),^). 

(2) Assume Ext l (Tot(L..)o, A) — for i — 0, 1 and 2. Moreover assume that 
the kernel of the map 

dj" 11 : Ext 1 (Tot(L..)o,-B)0Ext 1 (Tot(L..)i,^) — > Ext 1 (Tot(L..)i, B) ©Ext 1 (Tot(L..) 2 , A) 

is trivial. We have the following canonical isomorphism 

^Tot(L..) C^Q ~ Ext^ (Tot(L..), if) :=Hom P(c) (Tot(L..),if[l]). 

Remark 3.3. The hypothesis of this Theorem are needed in order to prove the 
surjectivity underlying both isomorphisms. 

Proof. (1) Let (/o,/i) be an element of ^xot(L )(-^)> i- e - an automorphism of 
the zero object (Eq, cxq, f3o, Jo) of ^Tot(L..)(K). We will show that the morphisms 
fo ■ Loo ~~ * B and f\ : Lio — > A define a morphism Tot(L..) — » if in the derived 
category T>(C). Consider the diagram 



(3.1) »-Lo2 + Lu+L 




By definition, the morphisms fo : Loo — > B and f\ : Lio — ► A satisfies the equal- 
ity ()2.2p . Moreover the automorphism fo of the trivial extension Eq underlying 
(Eq, «0; /3o> 7o) is compatible with the trivialization ao = (idL ol ,0) of d^E^ and so 

(3.2) / o rfoo = 0. 

Since Bo = {doo,Doo), we get that fo ° Bo = u o (0,/i), i.e. the second square 
of (|3.1[) is commutative. Concerning the first square of (|3.ip . we have to prove that 
(0,/i)oD 1 = 0withDi = (d i,0) + (Ai,dio) + (0,Ao)- Clearly 

(0,/i)o(doi,0) = 0. 

The automorphism f\ of the trivial extension To underlying (Eq, ao, /?o, 7o) is com- 
patible with the restriction £>*o(7o) of 70 = (id^ lo ,0) over L20 and so 

h o Ao = 0, 

i.e. (0,/i) o (0, Dio) = 0. The equalities (|2.2p and (|3.2p and the condition doo 
Ai + Ao o dio = give that 

i°/i°4=/o° -Doo dio = - fo ° d o ° An = 

which implies 

(0 J /i)o(Ai,dio) = 0. 

Therefore also the first square of (|3.ip is commutative. Hence we have constructed 
a morphism 

(3.3) *Tot(L..)W -> Hom P(c) (Tot(L..),if) 

(/o,/i) ^ (/o,(0,/i)) 
which is a canonical isomorphism. In fact, 

Injectivity: Let (fo, fi) be an element of ^^ot(L )C^0 such that the morphism that 
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it defines in T>{C) is the zero morphism. Applying the functor Hom(Tot(L..), — ) 
to the short exact sequence 0— >5— >.?r— >0, we see that also the 
morphisms fo : Tot(L..) — > B and (0, fi) ■ Tot(L..) — > A[l] are the zero morphisms 
of D(C). But these last two morphisms are zero in T>(C) if and only if the underlying 
homomorphisms fo : Loo — > B and f\ : Lio — > A are zero in C, i.e. if and only if 
(fo, fi) is the zero element of the group ^TotCL )(-^0- 

Surjectivity: Consider a morphism (/o, (/oi, /io)) : Tot(L..) — » X in the derived 
category 2?(C). By Lemma[3J](/o, (/oi, /io)) is a morphism in the category of chain 
complexes and so the underlying homomorphisms fo ' Loo — * B, foi : Lqi — » A and 
/io : Lio — > A have to satisfy the condition 



fo ° ■ 



wo (/oi,/io). 



Because of the symmetry of the bicomplex L 
therefore the above condition becomes 

fo ° D o =uof 



we can assume fo 



and 



in- 



This equality implies that the homomorphisms fo and fio satisfy the equalities i 
i-e. (/o,/io) is an element of *Tot(L..)(^)- 

(2) Let (E,a,(3,~/) be an object of *Tot(L..)(-^)- We will show that (E,a,f3, 7) 
defines a morphism Tot(L..) — > K[l] in the derived category T>(C). Recall that E 
is an extension of Loo by B. Denote j : E — > Loo the corresponding surjective 

morphism. Consider the complex [E Loo] with E in degree and Loo in degree 
-1. It is a resolution of B, and so in V(C) we have that 



B = [E ^ L 



( M > J 



Since by definition, the data (a, (3) can be considered as a lifting L01 + Lio — * E 
of Do : L01 + Lio —* Loo such that (a, (3) 0D1 =0, we can construct in 2?(C) the 
following morphism 



(3.4) 







^02 



Ln+L 



20 



■ L01 



L 



10 



L 



00 







that we denote by 



c(E, a, 0) : Tot(L..) — » [E A L 00 ][l] = 

Now we use the homomorphism 7 : L20 — > A and the above morphism c(E, a, (3) 
in order to construct in the derived category T>(C) a morphism c(E, a, f3, 7) : 
Tot(L..) Consider the diagram 



(3.5) 



Recall that Di = (<ioi,0) + (£'oi,rfio) + (0,£'io)- By definition the homomorphism 7 
satisfies the equality u o 7 = /3 o D10, and so we have that c(E, a, /5) |l 10 o (0, D\o) — 
U07. Therefore the diagram (|3.5[) is commutative. Since the morphism c(i?, a, f3, 7) 




18 



CRISTIANA BERTOLIN 



depends only on the isomorphism class of the object (E,a, /?, 7), we have con- 
structed a canonical morphism 



(3.6) 



(K) 
(E,a,/3,j) 



Tot(L..) 



Ho mi3(c) (Tot(L..),X[l]) 

c(E,a,f3,j). 



In order to conclude we have to show that this morphism is an isomorphism. 
Injectivity: Let (E, a, /3,7) be an object of ^TotfL..) C^Q such that the morphism 
c(E, a, (3, 7) that it defines in T>(C) is the zero morphism. The corresponding mor- 
phism c(E,a,/3) : Tot(L..) ->• [E -4 L 00 ][l] (El) must also be zero in 2? (C). Now we 
will show that c(E, a, (3) is already zero in the category 7i(C) of complexes modulo 

homotopy. Recall that the complex [E — > Loo] is a resolution of B in T>{C). The 
hypothesis that c(E, a, (3) is zero in T>(C) implies that there exists a resolution of 

B in T>(C), that we can assume of the kind [Co — » C_i] with Cq in degree and 



C_i in degree -1, and a quasi-isomorphism (uo,t>_i) : [-E Loo] 
explicitly 



[Co 



C_ 



(3.7) 



0- 



E- 



Co 



C_i 



0. 



0- 

such that the composite (vq, o c(i£, a, (3) is homotopic to zero. Since the mor- 
phism (i>o,«_i) induces the identity on B, it identifies with the fibred product 
Loo x C-i Co of L o an d Co over C_i. Therefore, the homomorphism s : L o — > Co 
inducing the homotopy (vq, o c(E, a, /3) ~ 0, i.e. satisfying i o s = v_i o i<iLo > 
factorizes through a homomorphism 



S : L 



00 



E = Loo x c_i Co 



which satisfies j o S — «g?l o ■ This last equality means that the homomorphism S 

splits the extension E of Loo by B and so the complex [E -4 Loo] is isomorphic in 
TC(C) to B, i.e. to the complex [B — > 0] with _B in degree 0. But then it is clear 
that the morphism 

Hom w(c) (Tot(L..),B) — ► Hom P(c) (Tot(L..),£) 

is an isomorphism and that c(E, a, (3) is already zero in the category 7i(C). There 
exists therefore a homomorphism h : Lqq — > -E such that 



j o h = id\_ 



ho] 



i.e. /i splits the extension E, which is therefore the trivial extension Eq of Loo by B, 
and h is compatible with the trivializations (a, [3). Hence we can conclude that the 
object (E, a, /?, 7) lies in the isomorphism class of the zero object of ^Tot(L..)(-^)- 
Surjectivity: Applying the functor Homp(c)(Tot(L..), — ) to the natural exact se- 
quence — > B[l] — > if[l] — > A[2] — > we get the long exact sequence 







Ho mi5(c) (Tot(L..),S[l]) — » Hom P(c) (Tot(L..),X[l]) 



Hom K(c) (Tot(L..),A[2]) Ext^Tot^..), B[l}) 
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The elements of Hom r ,( C )(Tot(L..),^4[2]) which come from Hom r ,( C )(Tot(L..), K [1]) 
are the morphisms (/02, /n, /20) : Tot(L..) — » A[2] such that 

UO (/02,/ll,/20) = 0. 



Because of the symmetry of the bicomplex L.. (|2 . 1 [1 . we can assume /02 = /11 = 
and therefore the above condition becomes 

u o / 20 = 0. 

This equality implies that the data (£0, cto, 0o, /20) (with So = Loo x B the triv- 
ial extension and ao,/?o the trivializations (idL i , 0), (id^ 10 , 0) respectively) is an 
object of ^Tot(L..)(-^0- Moreover by definition of the morphism c (13. 6|) , we have 
that c(-Eoi a o, A), /20) is the morphism (0,0, /20) : Tot(L..) — » A [2]. Hence we have 
proved that for any morphism (/02, /11, /20) of 

im(Homp (c) (Tot(L..),iT[l]) — ► Hom c(c) (Tot(L..), A[2])) = ker(uo) 

there is an element of ^Tot(L )C^0 whose image via c is (/02, fit, /2c)- 
Now we show that for any morphism (foi, fio) of Hom£,(c)(Tot(L..), there is 

an element of ^Tot(L )t^) whose image via c is (/01, /io)- Explicitly the morphism 
(/oi,/io) : Tot(L..) — * B[l] is defined by the homomorphisms foi ■ L i — > -B, /10 : 
L10 — > -B and by the condition: (/oi,/io) Di =0. Consider a resolution of £> 
in P(C) of the kind [Co — > C_i] with Co in degree and C_i in degree -1. Wc 
can then assume that the morphism (/01, /10) comes from the following morphism 

Tot(L..) -> [C ^ C_i][l] of ©(C) 
(3.8) 




Since Co is an extension of C_i by -B, we can consider the extension 

s = -Poo Co 

obtained as pull-back of Co via foo : L o — > C_i. The condition F on o B = 
i o (Foii-Fio) implies that (-Fbi)-Fio) : L i + L 10 — > C factories through a ho- 
momorphism 

(a,/3) : L01 +Lm -► E 
which satisfies j o (a,/3) — JS>q, with j : _B — > Loo the canonical surjection of 
the extension E. Moreover the condition {Fqi,F\q) 0D1 = furnishes the equal- 
ity {a, (5) 0D1 =0. Therefore the data (E,a,(3,0) is an object of the category 
^Tot(L..)(K). Consider now the morphism c(E,a, f3,0) : Tot(L..) — > K[l] associ- 
ated to (E, a, (3,0). By construction, the morphism (13. 8|) is the composite of the 
morphism (|3.4|) deduced from c(E, a, /3, 0) with the morphism 

(F,F 00 ) : [E^L 00 ] — [C ^ C_i] 

where £ is the canonical morphism £ = i*j g Co — > Co- Since this last morphism 
(-F, £00) is a morphism of resolutions of -B, we can conclude that in the derived cat- 
egory T>{C) the morphism (/01, /10) : Tot(L..) — > £>[1] is the morphism c(S, a, /?, 0). 
Consider now a morphism ((/01, /10), (/02, /11, /20)) : Tot(L..) -> [A A £?][!] in 
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the derived category V{C). By Lemma lO ((/oi, /io), (/02, /11, /20)) comes from a 
morphism of chain complexes that we denote again ((/01, /10), (/02, /20)) : 



(3.9) 



0- 



^02 



Ln 



J20 



^01 



(/02 -Ju ,fw) 



^10 



(/oi,/io) 



L 



00 







0- 



■A- 



B 



■0- 



0. 



The underlying homomorphisms (/ i,/io) : L i + L i0 -> S, (/02, /a 
Ln + L20 — > ^4 have to satisfy the condition 

(/oi,/io) oDx = uo (/q2,/h,/2o). 



Because of the symmetry of the bicomplex L.. (|2.1|) . we can assume /02 = /11 = 
and therefore the above condition becomes 



(3.10) 



u o / 20 = /10 o D 



10 • 



We have already showed that there exists an object (E, a, f3, 0) of v E , Tot(L..)(-? 1 ') such 
that c(E, a, (3, 0) = (/oi,/io)- Now the equality (|3.10p means that (E 1 , a, /3, /20) is 
an object of ^to^l..)^)- Moreover by definition of the morphism c (|3.6[) . we have 

that c(E,a,j3,f 2 o) is the morphism ((/01, /10), (/02, /u, /20)) : Tot(L..) -» [4 A 
B][l]. □ 

Using the above homological description of the groups ^^(l )C0 f° r * = 0, 1 
we can study how the additive cofibred category ^TotfL..) C^0 varies with respect 
to the bicomplex L... Consider a morphism of bicomplexes 

/ -I- 

given by a family of homomorphisms : L^ — > Ly. Denote by Tot (/) : Tot(L'..) — ► 
Tot(L..) the induced morphism between the corresponding total complexes. Explic- 
itly Tot(/) is given by the following commutative diagram 



(3.11) L' 02 +L' u +L 20 

/02+/12+/20 

Lq2 + Ln + L20 



T ' IT' — s- T ' 

^01 ~r ^10 *^ 



00 



/01+/10 

— >• Lqi + L10 







To the morphism Tot(/) we associate a canonical functor 



Tot(/)* : *Tot(L..) 



Tot(L'..) 



which is a cocartesian functor of cofibred categories over p[^ ](C). Let (E,a,0,j) 
be an object of the fibre * To t(L..) (K) with K = [A A B] , Denote by Tot(/)*(£, a, /3, 7) 
the object (E',a',(3',y) where 

• E 1 is the extension /q E of L 00 by B obtained as pull-back of E via /oo : 
Loo — * Loo! 

• (a',/3') is a trivialization of (B )*£" induced by the trivialization (a,/3) of 
Bq-E' y i a the commutativity of the first square of (|3.1ip : 

• 7' is the composite 7 o / 2 q. 
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The commutativity of the diagram (|3. 1 1|) implies that (E 1 , a', (3', 7') is in fact an 
object of the fibre ^Tot(L'..)(K), i.e. the conditions (a', (3') oDJ = and 1107' = 
D' w of3' are easily deducible from the corresponding conditions on the data a, (3 and 
7 and from the commutativity of the diagram (|3. 1 1|) . By construction, the functor 
Tot(/)* that we have just constructed commutes with the structural functors (with 
values on D^ 1,0 '(C)) of the cofibred categories ^TotfL..) and ^Tot(h..)- Moreover the 
fact that Tot(/)* is cocartesian is a consequence of the fact that in the category 
of extensions of objects of C, the operations "push-down of extensions" commute 
with the operations " pull-back of extensions" . 

Proposition 3.4. Let f : L'.. — > L.. be morphism of bicomplexes. The corre- 
sponding functor Tot(/)* : ^TotfL..) ~~ > ^Tot(L'..) *s on equivalence of categories if 
and only if the homomorphisms Ho(Tot(/)) : Ho(Tot(L'..)) — > Ho(Tot(L..)) and 
Hi(Tot(/)) : Hi(Tot(L'..)) -> Hi(Tot(L..)) are isomorphisms. 



Proof. The functor Tot(/)* : * To t(L..) 
phisms of functors: 

(3.12) (Tot(/)*) 1 : * Tot(L . 



^ / Tot(L'..) defines the following homomor- 



Tot(L'..) 



£ = 0,1. 



Moreover the morphism of complexes Tot(/) : Tot(L'..) — * Tot(L..) defines the 
following homomorphisms 

(3.13) (Tot(/))' : Exf(Tot(L..),-) — ► Ext* (Tot (I/..), -) i G Z. 



Since the homomorphisms (|3.12|) and ()3.13|) are compatible with the canonical 
isomorphisms obtained in Theorem l3.2[ for each object K of T>^ 1,0 \C) the following 
diagrams (with i = 0,1) are commutative: 

*Tot(L )( K ) - Ext l (Tot(L..),if) 

I I 
*Tot(L'..)W - Ext*(Tot(L'..),/i-). 

The functor Tot(/)* : ^TotfL..) ~~ * ^Tot(L'..) is an equivalence of categories if 
and only if the homomorphisms (|3.12p are isomorphisms, and so using the above 
commutative diagrams we are reduced to prove that the homomorphisms (|3.13p 
(with i — 0,1) are isomorphisms if and only if the homomorphisms Ho(Tot(/)) : 
H (Tot(L'..)) -> H (Tot(L..)) and H x (Tot(/)) : Hi(Tot(L'..)) -> H x (Tot(L..)) are 
isomorphisms. This last assertion is clearly true. □ 



4. A CANONICAL FLAT PARTIAL RESOLUTION FOR A COMPLEX CONCENTRATED 

IN TWO CONSECUTIVE DEGREES 

Let K = [A —> B] be a complex of objects of C concentrated in degrees 1 and 
0. In this section we construct a canonical flat partial resolution of the complex 
K. Consider the following bicomplex L..(K) which satisfies Lij(K) = for (ij) ^ 
(00), (01), (02), (10), which is endowed with an augmentation map eo : L Q0 (K) — > 
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P, ei : Lio(K) — ► A, and which depends functorially on K: 





L 2 ,(K) 


Li.(Jf) 






















1 




1 


L, 2 (K) ■ 










Z[B x B] + Z[B x P x P] 






1 






L«i(K) ■ 










Z[P x P] 






1 






Uo(K) ■ 





- ZL4] 




Z[B] 






1^1 






if 





-► A 


u 


B 



The non trivial components of L..(K) are explained in the above diagram. In order 
to define the differential operators P.. and d.. and the augmentation map e. we 
introduce the following notation: If P is an object of C, we denote by [p] the point 
of Z[P](5) defined by the point p of P(S) with S an object of T. In an analogous 
way, if p, q and r are points of P(S) we denote by \p,q], [p,q,r] the elements of 
Z[P x P](S) and Z[PxPx P](S) respectively. For any object 5 of T and for any 
a e A{S)MMM G S(S'), we set 

eo[6] = & 
ei [a] = a 

doo[6i, 6 2 ] = [61 + h] - [h] - [6 2 ] 

(4.1) d i[6i,6 2 ] - [61,62] -[62,61] 

rfoi[6i,6 2 ,6 3 ] = [61 + 62,63] - [61,62 + 63] + [61,62] - [62,63] 
Poo [a] = Ma)] 

These morphisms of commutative groups define a bicomplex L..(K) endowed with 
an augmentation map e. : L.o(K) — ► X. Note that the relation eo doo = is just 
the group law on B, and the relation doo doi = decomposes in two relations 
which express the commutativity and the associativity of the group law on B. This 
augmented bicomplex L..(K) depends functorially on K: in fact, any morphism 
/ : K — > K' of pi 10 ! (C) furnishes a commutative diagram 

L..(K) h ^ L..(K') 
e-l I e. 

K -L> K' 

Moreover the components of the bicomplex L..(K) are flat since they are free Z- 
modules. In order to conclude that L..(K) is a canonical flat partial resolution of 
the complex K we need the following Lemma: 

Lemma 4.1. The additive cofibred category Ext (AT, *) of extensions of K by a vari- 
able object ofV^^(C) is equivalent to the additive cofibred category ^T t(h..(K)) '■ 

(4.2) ExtOKT; *) £* * Tot(L .. {K)) 
Proof. The total complex Tot (L.. (if)) of L..(K) is 

Z[B x P] + Z[P x B x B] ^ Z[B x P] + Z[A] Z[B] — > 
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where D = D 00 + d 00 and D x = d 01 . If if' = [A' ^ B'] is an object of (C), in 
order to describe explicitly the objects of the category ^>Tot(L.. (K)){K r ) we use the 
description (|1.2|) of extensions of free commutative groups in terms of torsors: 

• an extension of Z[B] by B 1 is a (B')s-torsor, 

• an extension of Z[B x B] + Z[A] by B' consists of a couple of a (B')bxB- 
torsor and a (B'^-torsor, and finally 

• an extension of 7L\B x B] + 7L\B x B x B] by B 1 consists of a couple of a 
(S')sxB-torsor and a (S') BxBxB -torsor. 

According to these considerations an object (E, a, f3, 7) of ®TotCL..(K))(K') consists 
of 

(1) a £?'-torsor E over B 

(2) a couple of trivializations (a, (3) of the couple of B'-torsors over B x B and 
A, which are the pull-back of E via KDo. More precisely: 

• a trivialization a of the B'-torsor d.Q E over B x B obtained as pull- 
back of E via doo : Z[B x B] — ► Z[£>]. This trivialization can be 
interpreted as a group law on the fibres of the B'-torsor E: 

+ : Eb x Eb 2 — ► Et 1 +b 2 

where b\, 62 are points of B(S) with S any object of T. 

• a trivializations (3 of the B'-torsor Dq E over A obtained as pull-back 
of E via Doo : -> Z[B]. 

The compatibility of a and /3 with the relation Bo H3>i = involves only a 
and it imposes on the data (E, +) two relations through the two torsors over 
BxB and BxBxB. These two relations are the relations of commutativity 
and of associativity of the group law +, which mean that + defines over E 
a structure of commutative extension of B by B' \ 

(3) an homomorphism 7 : A — > A' such that the composite v! o 7 is compatible 
with (3. 

Hence the object (E, +,/?, 7) of i $Tot(L..(K))(K') is an extension of if by if' and 
so we can conclude that the category ^Tot(L.. (K)){K') is equivalent to the category 
Ext (if, if'). The proof that we have in fact an equivalence of additive cofibred 
categories is left to the reader. □ 

Proposition 4.2. The augmentation map e. : L.o(if) — * if induces the isomor- 
phisms Hi(Tot(L..(if))) ~ Hx(if) and H (Tot(L..(if ))) ~ H (if). 

Proof. Applying Proposition 13.41 to the augmentation map e. : L. (if) — > if, we 
just have to prove that for any complex if' = [A' ^ B'} of T>^ 1,0 ^(C) the functor 
e* : ^Tot(K)(K') -► y T ot(L..(K))(K') 

is an equivalence of categories. According to definition 12.11 it is clear that the 
category ^Tot(K)(K') is equivalent to the category Ext (if, if') of extensions of if 
by if'. On the other hand, by Lemma |4~T1 also the category ^ Totn,. AK)){K') is 
equivalent to the category Ext (if, if'). Hence we can conclude. □ 

Corollary 4.3. Let if and if' two objects ofV^^(C). Assume Ext ,; (if , K[) = 
for i = 0, 1, 2 and Ext 1 (ifo, if ) = Ext 1 (ifi, if() = 0. Then the group of automor- 
phisms of any extension of if by if' is isomorphic to the group Ext (if, if'), and 
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the group of isomorphism classes of extensions of K by K' is isomorphic to the 
group Ext 1 (if, K'). 

Proof. According to the above proposition, it exists an arbitrary flat resolution 
L'..(K) of K such that the groups Tot(L..(iT))j and Tot (I/.. (If) )j are isomorphic 
for j = 0,1. We have therefore a canonical homomorphism L..(K) — > L'..(if) 
inducing a canonical homomorphism on the corresponding bicomplexes 

Tot(L..(if)) — > Tot(L'..(K)) 

which is an isomorphism in degrees and 1. By Proposition 13.41 we have the 
following equivalence of additive cofibred categories 

*Tot(L..(K)) - *<r> 2 L'..(K)- 

Hence in order to get the statement of this corollary we have to put together 

• the geometrical description of the category ^Tot(L..(K))(K') furnished by 
Lemma 14.11 



• the homological description of the groups ^^Totfiv (^ or ^ = 0, 1) 

furnished by Theorem 13.21 



*t> 2 Tot(L<..(K))(^0 = Ext l (L'..(K), Jf') - Ext l (K,K>). 

□ 



5. Geometrical description of 'Jto^l..) 

Let Ki = [A, ^ Bi] (for i = 1,2) be an object of V^°\C) and let L..(Ki) 
be its canonical flat partial resolution. Denote by L.(JTi, K2) the total complex 
Tot(L..(ivTi)(g)L..(i ; sr2)). In this section we prove the following geometrical description 
of the category ^ r7 > 2 h.(K 1 ,K 2 )- 

Theorem 5.1. The additive cofibred category Biext(ifi, Ki\ *) of biextensions of 
(KifKz) by a variable object ofD^'°^(C) is equivalent to the additive cofibred cate- 
gory ^^.(Jd.Jf,) : 

Biext(K 1 ,K 2 ;*) = ^ a > 2 MKi,K 2 ) 

Proof. Denote by L..(K\, K2) the bicomplex L..(Ki) ® L..(K2): explicitly, 
Uj(Ki,K 2 ) = for (ij) ? (00), (01), (02), (03), (04), (10), (11), (12), (20) and its 
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non trivial components arc 



Loo(Ki,K 2 ) = L o(ifi)®Loo(K 2 ) 

= Z[Bi x B 2 ] 

LoiiKuKi) = L 00 (if 1 )®L 01 (X 2 )+L 01 (if 1 )®L 00 (^ 2 ) 

= Z[B 1 x B 2 x B 2 ] + 1\B X xBiX B 2 ] 

L 2(^i,if 2 ) = Loo(tfi) ®L 02 (^2) +L 02 (ifi) ®L 00 (if 2 ) +L i(ifi) <8>Loi(#2) 

= Z[Bi x B 2 x B 2 ] + Z[Bi xB 2 xB 2 x B 2 ] + 

= Z[B 1 xBiX B 2 ] + Z[Si xBixBiX B 2 ] + 

= Z[£i x B x xB 2 x B 2 ] 

L 03 (^i,^ 2 ) = Loi(^i)®L 02 (^ 2 )+L 02 (^i)®Loi(^ 2 ) 

L 04 (^i,^ 2 ) = L 02 (ifi)®L 02 (if 2 ) 

^0(^1,^2) = L 10 (if 1 )®L 00 (K 2 )+L o(ifi)®L 10 (if 2 ) 

= Z[Ai x B 2 ] + Z[B 1 x A 2 ] 

Ui{K u K 2 ) = Uo{Kx) ®Ui{K 2 ) +Ui{Ki) ®Uo{K 2 ) 

= 7L\A X x B 2 x B 2 ] + Z[Bx xBiX A 2 ] 

U2{K U K 2 ) = L 10 (if 1 )®Lo 2 (K 2 )+L 02 (ifi)®L 1 o(/f 2 ) 

Uo{K u K 2 ) = Lio(#i)®Lio(#2) 

= Z[Ai x A 2 ] 

The truncation ct> 2 L. , ^2) is the complex 

L 2(^i,^ 2 )+Lii(ifi,X 2 )+L 20 (X 1 ,if 2 ) ^L i(ifi,X 2 )+L 10 (ifi,X 2 ) ^L 00 (ifi,X 2 ) 

where the differential operators Do and Di can be computed from the below dia- 
gram, where we don't have written the identity homomorphisms in order to avoid 
too heavy notation (for example instead of (id x D^ Q 2 , D^ 1 x id) we have written 
just (D*',D§?)): 
(5.1) 



L 02 (K U K 2 ) 



Ui{K u K 2 ) 



L 20 (K U K 2 ) 



(D K 2 D K 1) 



^00 ' "00 

L W (K U K 2 ) 
means: 



d Ki +d K2 



4 2 +4i 1 +(^ 1 

Loi^i,^) 

Loo(Jfl,^ 2 ). 



a 00 / 



Explicitly the condition Bo 1D>i 

• the following sequences are exact: 



,,I<2 



,K 2 



(5.2) Z[Si xB 2 x B 2 ] +Z[Bi xB 2 xB 2 x B 2 ] 1\B X xB 2 x B 2 \ Z[S X x S 2 ] 



7 K 1 



^1 



(5.3) Z[Bi x Si x B 2 ] xB 1 xB 1 x B 2 \ 7L[B X xB x x B 2 \ Z[B 1 x B 2 ] 
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• the following diagrams are anticommutative: 

Z[Bi x B x x B 2 x B 2 ] Z[Bi xBiX B 2 ] 

(5-4) < U i«& 

TL\B X xB 2 x B 2 ] Z[Si x S 2 ] 



Z[Ai x B 2 x B 2 ] x B 2 x B 2 ] 

(5.5) |<4 2 

Z[Ai x B 2 ] Z[Bi x B 2 ] 

Z\B X x Si x A 2 ] Z[5i x Bj x B 2 ] 

(5.6) ^ K* 1 

Z[Bi x A 2 ] Z[Bi x B 2 ] 

Z[A X x A 2 ] Z[Ai x B 2 ] 

(5.7) <U " 

Z\B X x A 2 ] Z[Bi x B 2 ] 

In order to describe explicitly the objects of the fibre 1 ^ a>2 L.(K 1 ,K 2 )(K3) °f the 
cofibred category ^ 'a >2 h.(K 1 ,K 2 ) we use tne description (jl.2[) of extensions of free 
commutative groups in terms of torsors: 

• an extension of (a> 2 L.(K x , K 2 ))q by B% is a (i?3)s 1 X B 2 -torsor, 

• an extension of {a> 2 \j.{K x , K 2 )) x by -B3 consists of a (-B3)s lX ,B 2 x,B 2 -torsor, 
a (i?3)Bixs 1 xB 2 -torsor, a (i^Ui x s 2 -torsor and a (B 3 ) Bl X A 2 -torsor, and 
finally 

• an extension of (a> 2 L.(K x , K 2 )) 2 by B 3 consists of a system of 8 torsors 
under the groups deduced from B3 by base change over the bases B x x B 2 x 
B 2l B 1 x B 2 x B 2 x B 2 , B 1 x B x x B 2l B 1 x B x x B 1 x B 2l B 1 x B x x 
B 2 x B 2 , A\ x B 2 x B 2l Bi x Bi x A 2 , A x x A 2 respectively. 

According to these considerations an object (E, a,/3,7) of ^ a>2 'L.(K 1 ,K 2 ){K'i) con ~ 
sists of 

(1) a i?3-torsor E over B x x B 2 

(2) a couple of two trivializations a = {ot x , a 2 ) and (3 — (/3i, (3 2 ) of the couple 
of two B3-torsors over B x x B 2 x B 2 + B x x B x x B 2 and A x x B 2 +Bi x A 2 , 
which are the pull-back of E via Do- More precisely: 

• a couple of trivializations a = (a x , a 2 ) of the couple of i?3-torsors over 
B\ x B 2 x B 2 and B x x B x x B 2 which are the pull-back of E via 
id x d,Q 2 + d^ 1 x id : Z[B X xB 2 x B 2 \ +Z[B 1 xB 1 x B 2 \ -> Z[B X x B 2 \ . 
The trivializations (ai,a 2 ) can be viewed as two group laws on the 
fibres of the f?3-torsor E over B\ x B 2 : 

+2 : E bub2 E bub > 2 — > E bub2+b > 2 +1 : E bub2 E b ^ b2 — > E bl+b ^ b2 

where b 2 ,b' 2 (resp. 61,61) are points of B 2 (S) (resp. of Bi(S)) with S 
any object of T. 
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• a couple of trivializations (3 — (fa, fa) of the couple of i?3-torsors 
({Dqq 1 x id)*E, (id x D^)*E) over A x x B 2 and B x x A 2 respectively, 
which are the pull-back of E via D^q x id + id x 

Z[Bi x A 2 ] -> 1\B X x B 2 ], 

(3) the compatibility of a and /3 with the relation D o = imposes on the 
data (E,+i,+ 2 ) and ((D^ 1 x id)*E,(id x D$f)* E , fa, fa) 8 relations of 
compatibility through the system of 8 torsors over B\xB 2 xB 2 , B\ x B 2 x 
B 2 x Z? 2 , Bj x Bi x £ 2 , Bi x Bi x Bi x B 2 , B x x B x x B 2 x B 2 A\ x 
B 2 x B 2 , B\ x B\ x A 2 , A\ x A 2 . For a the relation DooDi =0 implies 
the following 5 relations of compatibility on the data (E, +i,+ 2 ) through 
the 5 torsors arising from the factor L 02 (Ki, K 2 ) of a> 2 L.(Ki, K 2 ) : 

• the exact sequence f|5.2|) furnishes the two relations of commutativity 
and of associativity of the group law + 2 , which mean that + 2 defines 
over E a structure of commutative extension of (B 2 )b 1 by (B 3 )b 1 ; 

• the exact sequence (|5.3j) expresses the two relations of commutativity 
and of associativity of the group law +i, which mean that +i defines 
over E a structure of commutative extension of (-Bi)b 2 by (B^)b 2 ', 

• the anticommutative diagram (|5.4[) means that these two group laws 
are compatible. 

Therefore these 5 conditions implies that the £?3-torsor E is endowed with 
a structure of biextension of (Bi,B 2 ) by B3. 

For j3 the relation Do oDj =0 imposes the following 3 relations of compati- 
bility on the data ((D^ 1 xid)*E, (idxD^ 2 )*E, fa, fa) through the 3 torsors 
arising from the factors Ln (K\, K 2 ) + L 20 (i^i, K 2 ) of a> 2 L.(Ki, K 2 ): 

• the anticommutative diagram (15. 5|) furnishes a relation of compatibility 
between the group law + 2 of E and the trivialization fa of the pull- 
back (D* 1 x id)*E of E over A\ x B 2 , which means that fa is a 
trivialization of biextension; 

• the anticommutative diagram (15. 6| furnishes a relation of compatibility 
between the group law +1 of E and the trivialization fa of the pull- 
back (id x D^q)*E of E over B\ x A 2l which means that also fa is a 
trivialization of biextension; 

• the anticommutative diagram (|5.7|) means that the two trivializations 
fa and fa coincide over A\ x A 2 . 

(4) 7 : Z[Ai]®Z[A 2 ] — > A3 is a homomorphism such that the composite Z[At]g) 
Z[A 2 ] ^* Z[Ai] <gt 1\A 2 \ ^ B3 is compatible with the restriction of the 
trivializations fa, fa over Z[Ai] ®Z[j4 2 ]. 

The object (E, a, (3, 7) of $ o- >2 l.(k 1 ,k 2 )(K3) * s therefore a biextension (E, fa,fa,j) 
of (Ki,K 2 ) by K3. The reader can check that the above arguments furnish the 
expected equivalence of additive cofibred categories. □ 



6. Proof of the main theorem 

Let Ki = [Ai ^> Bi] (for i = 1,2, 3) be a complex of objects of C concentrated in 
degrees 1 and 0. Denote by L..(Ki) (for i = 1,2) the canonical flat partial resolution 
of Ki introduced in §4. According to Proposition 14. 2\ there exists an arbitrary 
flat resolution \J ..(Ki) (for i — 1,2) of Ki such that the groups Tot{L..(Ki))j 
and Tot (L' ..(Ki))j are isomorphic for j = 0,1. We have therefore two canonical 
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homomorphisms 

L..(^i) — » L'..(2fi) L..(K 2 ) — » L'..(ff 2 ) 

inducing a canonical homomorphism 

Tot(L..(ifi) ® L..(# 2 )) — > Tbt(L'..(A'i) ® L'..(ifa)) 

which is an isomorphism in degrees and 1 . Denote by L.(ifi, i^ 2 ) (resp. L'.(ifi, if 2 )) 
the complex Tot (L..(Jfi) <g> L..(iT 2 )) (resp. Totfl/.-^i) <g>L'..(iT 2 ))). Remark that 

L 

L .(Ki, K 2 ) represents K\®K 2 in the derived category T>(C): 

L'.(K 1 ,K 2 )=K 1 ®K 2 . 
By Proposition [33] we have the following equivalence of additive cofibred categories 

*<7> 2 L.(ifi,if 2 ) - ^cr> 2 L'.(K u K 2 )- 



Hence applying Theorem [53] which furnishes the following geometrical description 
of the category ^ a > 2 \ J .(K 1 .K 2 ){Kj,): 

Biext{K u K 2 ;K 3 ) = ^^ 2 l. (Ku k 2 ){K 3 ), 

and applying Theorem 13. 2\ which furnishes the following homological description 
of the groups ^l^, , {KuK2) (K 3 ) for i = 0, 1: 

K> 2 L'.(k u k 2 )(K 3 ) ^Ert i (L'.(K 1 ,K 2 ),K 3 )^Ert i (K 1 ®K 2 ,K 3 ), 
we get the main Theorem lO.il i.e. 

Bicxt l (^i,X 2 ;if 3 ) ^Ext l (^ife,if 3 ) (» = 0,1). 

Remark 6.1. From the exact sequence — > B 3 — > — > ^[1] — > we get the long 
exact sequence 

(Mi]) 

^ff^L'.^i.ATa)^) ~* *<r> 2 L'.(K 1 ,if 2 )(-^3) ~> *<r> 2 L'.(Ki,K 2 ) (^3 [I])- 

The homological interpretation of this long exact sequence is 
-> Rom(L'. {K U K 2 ), B 3 ) -» HomfL'.^, K 2 ), K 3 ) -» Hom(L'.(.Ki, Jf 2 ), 4s [1]) 

-> Ext 1 (L' . (X! , K 2 ) , B 3 ) -> Ext 1 (L' . (K x , K 2 ) , K 3 ) - Ext 1 (L' . (K x , K 2 ) , A 3 [1] ) , 
and its geometrical interpretation is 

-> Hom(_Bi ®B 2 ,B 3 )^> Hom(iTi®ir 2 , AT 3 ) -> Hom(Ai ® _B 2 + Si ® A 2 , A 3 ) 
-» Bicxt 1 ^!,^;^) Biext 1 ^!,^;^) -> Hom(Ai <g> A 2 , A 3 ). 
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